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1 Introduction 

Scalar field theories with derivative interactions have been discussed extensively during 
the last years in the context of particle physics and cosmology. Depending on the form 
of the Lagrangian, the underlying symmetries and the particular application, they go un- 
der a variety of names, such as: fc-essence [1], Dirac-Born-Infeld (DBI) inflation [2], the 
Dvali-Gabadadze-Porrati (DGP) model [3] in the decoupling limit and the Galileon [4], 
scalar-tensor models with kinetic gravity braiding [5], etc. A common property of these 
theories is that the equation of motion does not contain field derivatives higher than the 
second. As a result, ghost fields do not appear in the spectrum. The most general scalar- 
tensor theory with this property was constructed a long time ago [6], and rediscovered 
recenty in the context of the generalized Galileon (see [7] and references therein). An al- 
ternative perspective can be obtained by constructing a geometric picture of some of these 
theories. As shown in [8], the generalized Galileon theory can be reproduced by considering 
the position modulus of a probe brane within a (4+l)-dimensional bulk. This geometric 
approach demonstrates how derivatives higher than the second in the effective theory can 
be eliminated by employing the Lovelock invariants. 

The presence of derivative interactions, besides complicating the discussion of quan- 
tum corrections, generates nontrivial features already at the classical level [9]. The term 
classicalization has been attributed to the appearance of a new scale in derivatively cou- 
pled theories, which persists in the classical limit h — > [10, 11]. The detailed nature of 
the phenomenon is still under study [12-14]. It has been suggested that classicalization is 
connected to the presence of classical configurations in the spectrum (classicalons), which 
are sourced by the energy [10]. Explicit examples of such solutions [10], as well as their 
time-dependent generalizations [12], are known for specific theories. 

The purpose of the present work is to discuss the properties of a class of solutions in the 
context of the (d+ l)-dimensional DBI theory. Even though their form in 3+1 dimensions 
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has already been presented in [12], their features have not been analyzed. We show that 
the generalized solution involves a singularity that can be viewed as a propagating shock 
wave in d + 1 dimensions. This interpretation has been put forward by Heisenberg for an 
effective (1 + l)-dimensional theory in order to describe meson production through nucleon 
scattering [15]. Energy is transferred from the location of the shock front, where the energy 
density diverges, to the region behind it. During this process the singularity acts as an 
energy source. One very interesting feature of the solution is that the shock wave cannot 
evolve below a minimal radius not related to the fundamental scale of the theory. From this 
point of view, the configuration realizes the concept of classicalization [10, 11] by describing 
the scattering of a classical configuration at length scales larger than the fundamental scale. 

The DBI theory can be viewed as the effective description of a (d + l)-dimensional 
brane embedded in a Minkowski bulk space with one additional spatial dimension. In this 
context, our solution can be used in order to construct a time-dependent generalization 
of the static catenoidal configuration of Callan, Maldacena [16] and Gibbons [17]. In 
this work we consider only the case with vanishing gauge fields. The configuration is 
obtained by joining two solutions with opposite field derivatives at the point where they 
display square-root singularities. The result is a smooth surface that looks like a throat or 
wormhole connecting two asymptotically parallel branes. The radius of the throat is time 
dependent and has a minimal value that is independent of the fundamental length scale. 
The brane picture provides a link between the energy generated by the singularity and the 
world volume of the branes that is eliminated through the expansion of the throat. 

We should note that we do not identify the branes with the D-branes of string theory. 
We treat them simply as geometrical defects in a higher-dimensional space in the probe 
approximation. In particular, we neglect any long-range interaction between the branes as 
well as string processes when they approach each other. We use the brane picture mainly 
in order to resolve the question of energy conservation in the shock-wave picture. 

In the following section we present the solutions and study their energetics. In section 3 
we discus their interpretation as shock waves and in section 4 as branes joined by throats. In 
section 5 we analyze the brane picture through a different choice of worldvolume coordinates 
that eliminate the singularity from the location of the throat. In section 6 we give our 
conclusions and discuss possible extensions of the results. 

2 The solutions 

We consider a theory in d + 1 dimensions described by a Lagrangian density of the Dirac- 
Born-Infeld (DBI) type: 

C = -yi-\{d ll 4>f + \. (2.1) 

For most of the paper we shall assume that A > 0, with the fundamental length scale of 
the theory being ~ A 1 ^. However, we shall also allow the possibility A < 0, to which we 
refer as the "wrong" -sign DBI theory. We have included a constant term 1/A in the action 
so that the energy density vanishes for configurations with (ft = 0. In this sense, the theory 
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does not contain a cosmological constant. The equation of motion of the field <f> is 



1 ' 



0„ 



o. 



(2.2) 



Its form makes apparent the existence of a Noether current, arising from the invariance of 
the Lagrangian under the shift (j> — )■ <f) + c. The energy-momentum tensor is 



i - a {d p 



tr\ ( V i-A(^r 



1 



(2.3) 



We consider spherically symmetric field configurations. When expressed in spherical 
coordinates, eq. (2.2) takes the form 
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(2.4) 



where subscripts denote partial derivatives. We assume 1 — Xcffi + Xcf^. > 0, an obvious con- 
straint imposed by the form of the Lagrangian density (2.1). From the energy-momentum 
tensor we deduce the energy density p, radial energy flux j r , radial pressure p r and angular 
pressure pg. They are given by 
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(2.5) 
(2.6) 
(2.7) 
(2.8) 



respectively. 

We are interested in exact analytical solutions of eq. (2.4). There is a class of static 
solutions that have been associated with classicalization [10]. For <fi = <fi(r), eq. (2.4) gives 
4>r/y^ + Xcffi = ±c/r d_1 , where we have assumed that the constant of integration c is 
positive. This relation can be written as 



± 



yV2(rf-l) _ Ac 



(2.9) 



For the "wrong" -sign DBI theory with A < 0, the solutions extend down to r = for 
both signs. For d = 3, they were interpreted in [10] as field configurations induced by a 
(5-function source resulting from the large concentration of energy within a small region 
of space around r = 0. The physics of classicalization was attributed to the creation of 
such field configurations during high-energy scattering. An alternative interpretation was 
given in [17] in the context of the Born-Infeld theory. In this case the field corresponds 
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to the nonlinear electrostatic potential induced by a point charge. The corresponding 
configuration was termed Blon. Multi-Bion solutions were also constructed in the form of 
a periodic lattice. 

We are interested mainly in the solutions for A > 0, which display square-root singu- 
larities at rth = (Ac 2 ) 1 /^ -2 ) . Following [17] we can join smoothly the two branches of eq. 
(2.9) with opposite signs, in order to create a continuous double-valued function of r that 
extends from infinite r to rth an d back out to infinity. This catenoidal solution describes a 
pair of static branes embedded in (d+ l)-dimensional Euclidean space, which are connected 
by a throat. 

In the following we study similar configurations that evolve with time. Exact time- 
dependent solutions of the (3+1 )-dimensional theory, of the form ct> — <p{z), with z — r 2 —t, 
were presented in [12]. They can be generalized to d+1 dimensions. Substituting the ansatz 
4> = 4>(z) in eq. (2.4) gives 

2z^j^- + 4d\z<f)l + (d + l)<t> z = 0, (2.10) 

where the index denotes differentiation with respect to z. The solutions of this equation 
are 

<l> z {z) = ±-== C , (2.11) 

Vz d+1 - AXc 2 z 

where we have defined the integration constant c > in a way that the solutions remain 
real for r — > oo. For both signs of A the solutions display square-root singularities at the 
value z t h that satisfies zf h = 4 Ac 2 and at z = 0. 

The solutions (2.11) can be interpreted as the time-dependent generalization of the 
static solutions (2.9). The two sets of solutions can also be related through analytic con- 
tinuation. By continuing t to imaginary values (t = it) and performing the substitutions 
z = r 2 + t 2 — > r 2 , d — > d — 1, c — > c/2, the solutions (2.11) reproduce (2.9). However, it 
must be emphasized that physically the time-dependent solutions are not a mere boosted 
version of the static ones. For example, it can be seen easily that the integration constants 
c and c have different dimensions in (2.9) and (2.11). 

A second class of solutions can be obtained if the configuration is confined within the 
region r 2 < t 2 . By defining w = t 2 — r 2 , we obtain solutions of the form 

M*>) = ± /M d+ * ,,-2 =, (2-12) 
V±w d+1 + 4\c 2 w 

where we assume again that c > 0. Depending on the value of d, the solutions with one of 
the two signs under the square root are a rewriting of eq. (2.11). The other sign results in 
a new set of solutions. The shock-wave configuration discussed in [15] belongs to this class. 
However, our motivation stems from the pictures of classicalization or brane dynamics. For 
this reason we focus on the solutions (2.11), for which the field remains nonzero at large 
distances and vanishes only asymptotically. 
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The energy density and flux, and the radial and angular pressures are given by eqs. 
(2.5)-(2.8). For the solution (2.11) they become 



1 ( u d+1 + t 2 

(2.13) 



A \ u (d+2)/2 y / u d _ l 

1 (2 14) 

\ u (d+2)/2^/ u d _ I V ' > 

u d+l _ u _ p \ 

Pr = ~ ' 1 " ui^/W-l ) (2 ' 15) 
u d l 2 \ 

"-■ Jll -^fj 1 (2I6) 

where z = (4Ac 2 ) 1//d u, t 2 = (4Ac 2 ) 1 / d t 2 , r 2 = (4Ac 2 ) 1//d f 2 , it = f 2 - t 2 . The energy density 
and flux satisfy the continuity equation dp/dt + (l/r d ~ 1 )d(r d ~ l j r )/dr = 0, resulting from 
the conservation of the energy-momentum tensor (2.3). All the above quantities diverge at 
the location of the sing ularity r th {t) = ^{A\c 2 ) l l d + t 2 . 

At a given time t, the total energy of the configuration contained within the volume 
outside the singularity is 

EiH = IVi r r d -'p(t, r)dr = 4=^-1 H ( ± f = - l) (« + P) (d " 2)/2 A* 



y/X Jl W d + 2 )/ 2 V^^l 



where ^d-i = 2ir d / 2 /T(d/2) is the area of the (d — l)-sphere. The energy is finite because 
the square-root singularity is integrable. On the other hand, Eth is time dependent, which 
seems to violate the notion of conservation of energy. As we have mentioned, the energy 
density and flux satisfy the continuity equation that results from the conservation of the 
energy- momentum tensor (2.3). Also, the energy flux vanishes at radial infinity. It is clear 
then that the time dependence of is related to the presence of a singularity in the 
solution, at a point where the energy density diverges. 

In the following sections we shall analyze this issue from two different points of view. 
Two observations are useful: 

1. In principle it could be possible to account for the time dependence of Eth by allowing 
the field to have a nontrivial profile in the region r < r t h- For the ansatz cfi = (j>(w), 
with w = t 2 — r 2 > 0, the relevant solutions are given by eq. (2.12). However, they 
have a non- integrable singularity at r = t, while they fail to remain real in the region 
t < r < r t h(t). Another consistent solution has a constant (j>(z). If one does not 
wish to introduce artificial 5-function singularities in the first derivatives of the full 
solution at r = rth, the constant field value must be taken equal to the value resulting 
from the solution (2.11) at r = rth- This construction does not introduce any new 
contributions to the energy. 
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2. We can recast eq (2.17) in the more intuitive form 



r d th {t). 



(2.18) 



A d 



The energy outside the singularity can be expressed as the product of the fun- 
damental energy density 1/A and the volume Vd-i of a (d — l)-sphere of radius 



3 Shock waves 

In [15] the solution (2.11) with d = 1 was used by Heisenberg for the description of meson 
production in the collision of two nucleons. Because of the high boost factor the colliding 
nucleons were approximated as disk-like. For this reason the products of the collision 
were assumed to have initially a planar geometry. The DBI action was employed as a 
phenomenological description of the underlying dynamics. The singularity in eq. (2.11) 
was interpreted as a shock front, where the energy density diverges. It was observed that 
the solution can be expanded in terms of plane waves with an amplitude that increases 
~ t 1 / 2 , consistently with the increase of the total energy ~ t predicted by eq. (2.17) with 
d = 1 at late times. With increasing time, energy is transferred from a region of infinite 
density at the shock wave to its wake, where it is associated with the production of mesons. 
Despite the intuitive interpretation of the solution, certain issues remain ambiguous: 

1. The shock wave is not of the standard type, as the energy density and pressure vanish 
on one of its sides. 

2. As already remarked in [15], it is expected that the energy stored in the shock will be 
depleted eventually, when it is transferred entirely to the wake. The solution (2.11) 
does not display this behavior and must be considered only as an approximation. 

In order to obtain some better understanding of how the local energy conservation 
fails to translate into the conservation of a global quantity we look more carefully at the 
solution for d = 3. If we adopt an interpretation similar to the planar case, the solution 
describes a spherical shock wave that moves in from infinite to a minimal radius, while 
time flows from — oo to 0, and then moves out again for positive t. The shock front is 
located at zth = (4AC 2 ) 1 / 3 , or at r t h{t) = \J (4A5 2 ) 1 / 3 + t 2 . The field can be expressed as 
(j)(z) = ^o+(c/A) 1/3 P _1 (s,0, -1), where V' 1 is the inverse Weierstrass elliptic function and 
s = (2 1//3 z + (Ac 2 ) 1 / 3 ) j{z — (4Ac 2 ) 1//3 ). If the field is assumed to vanish for r — > oo, its value 
at the shock front is (p(t,r th (t)) = B 3 (2c/A) 1/3 , with B 3 = v^T(l/3) /(6T(5/6)) ~ 0.701. 
The partial derivatives d<j)/dt and d<j>/dr diverge at r = r t h(t). 

The energy density p and radial energy flux j r for this solution are given by eqs. 
(2.13), (2.14) with d = 3. The rescaled coordinates are z = (4Ac 2 ) 1 / 3 n, t 2 = (4AC 2 ) 1 / 3 ? 2 , 
r 2 = (4Ac 2 ) 1 / 3 f 2 , u = r 2 — t 1 . At a given time t, the total energy of the configuration is 



r th = V / (4Ac 2 )Vd + t2. 




(3.1) 
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The energy is finite, but time dependent. This result seems to contradict energy conser- 
vation. However, it is easy to check that the energy density and flux satisfy the continuity 
equation dp/dt + (l/r 2 )d(r 2 j r ) / dr = 0, resulting from the conservation of the energy- 
momentum tensor (2.3). Also, the energy flux vanishes at infinite radius. This means that 
the energy increase must be attributed to the presence of the singularity. However, no 
energy seems to be contained within the volume enclosed by the wave, while there is no 
obvious indication for the presence of an energy source at the location of the singularity. 

In order to understand better this issue we consider the total energy between surfaces 
located at r(t) = r t h(t) + e and radial infinity. We have 



Jr, h (t)+e Ot 



(it 



'rth(t)+e 

,dr th (t)\ 
dt J 



dr t h(t) 

=r th (t)+e dt 



47rr 2 j r (t,r) - p(t, 



r 



(3.2) 

=r th (t)+e 



where we have used the continuity equation. It is clear that the variation of the energy 
Eth(e) depends on the difference between the energy flux of the fluid associated with the 
energy-momentum tensor (2.3) and an effective flux generated by the motion of the surface 
at r{t) = rth(t)+e. In the limit e — > we expect these two fluxes to cancel each other, as the 
configuration we are considering is limited within the region r > rth(t). A straightforward 
evaluation gives 



dt y^A \yf\ + 1 2 

for e = (4Ac 2 ) 1 / 6 e — > 0. The leading (divergent) contributions are identical in the above 
expressions. However, the subleading parts are not the same, with their difference remain- 
ing nonzero in the limit e — > 0. It can be verified easily that eq. (3.2) is consistent with 
eq. (3.1) in this limit. 

The above result can also be stated as follows: Surfaces enclosing a constant amount 
of energy between their location and radial infinity coincide with the shock front at finite 
values of r. As a result, the shock front encloses different amounts of energy at various 
times. On the other hand, the velocity of the front drth/dt and that of the fluid at its 
location j r /p coincide, as p(drth/dt)/j r = 1 + 0(y/e) for e — > 0. This means that the 
absorption or emission of energy cannot be traced to the region with r < rth- It is the 
divergence of the energy density at the shock location that causes this peculiar behavior. 
We also point out that allowing the surface to have a more general time dependence, of 
the form r(t) = r^t) + ef(t), does not resolve the problem. The difference j r — p (dr/dt) 
is 0(1) and does not involve /(r). 

It is apparent that the paradoxical features in the interpretation of the solution (2.11) 
arise from the divergence of the energy density.The singularity must be viewed also as the 
source or sink of energy. A more satisfactory picture can be obtained if the solution is 
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viewed as a description of a throat connecting two parallel branes, which is the topic of 
the following section. 

As a final remark we point out that the solution (2.11) can be considered as a re- 
alization of the concept of classicalization, according to which a highly energetic classical 
configuration can scatter at distances much larger than the fundamental length scale, with- 
out probing short distances. Our solution realizes this idea for large values of c in units of 
the fundamental length scale A 1 / 4 . On the other hand, spherical collapsing configurations 
were studied numerically in [12] without observing significant scattering. It must be kept 
in mind that the numerical approach becomes unreliable when shock waves form, so that it 
may not be able to capture the physics of the solutions discussed in this work. Our overall 
assessment is that the process of classicalization is very sensitive to the initial conditions. 

4 Branes with throats 

The DBI theory can be viewed as the effective description of a (d + l)-dimensional brane 
within a Minkowski bulk space with an additional spatial dimension. In this work we 
assume vanishing gauge fields. We denote the coordinates of the bulk space as z M , M = 
0, 1, 2, d + 1. We are interested in spherically symmetric configurations. For this reason 
we shall mostly denote these coordinates as t, r, 8 1 ,..., 6 d ~ l , y in the following. The action 
can be identified with the area swept by the brane, which can be expressed in terms of the 
induced metric as 

S = ~ d d+1 x^J -det (mtNd^d^). (4.1) 

Here x 11 , fi = 0, 1, d are the worldvolume coordinates and z M (x^) the embedding func- 
tions. The action is invariant under arbitrary changes of the worldvolume coordinates. We 
can fix this gauge freedom by identifying x^ with the first d + 1 spacetime coordinates. 
This choice is usually characterized as the "static gauge" . The coordinate y = (f> becomes 
a field of the worldvolume theory. The action can be written as 

S = - J d d+1 ^l-(d^) 2 . (4.2) 

This is the action resulting from the Lagrangian density (2.1), if the fundamental scale A 
is set equal to 1 and the constant term is omitted. The theory now includes an effective 
cosmological constant term. The energy density for a brane with <fi = is equal to 1. 

Our solution (2.11) can be used in order to construct a time-dependent generalization 
of the static catenoidal configuration of [16, 17]. The configuration is obtained by joining 
the two branches with opposite signs in eq. (2.11) in order to create a smooth surface, 
which for d > 1 looks like a throat or wormhole connecting two asymptotically parallel 
branes. The radius of the throat rth(t) = \J (4c 2 ) 1/,rf + 1 2 is time dependent and has a 
minimal value that can be different from the fundamental length scale. For d > 1 the 
maximal distance between the two branes is attained for r — > oo and is time independent. 
It is equal to 2Ddt, with 

D dt = B d {2c) l ' d , (4.3) 
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where 

r (-^-) 



For d = 1 the distance between the branes increases logarithmically with \Jr 2 — t 2 . 

The energy-momentum tensor can be obtained from section 2. It is given by eq. (2.3) 
by setting A = 1 and subtracting rf 1 " in order to account for the presence of a cosmological 
constant in the action (4.2). The energy density and flux, as well as the radial and angular 
pressures, are given by eqs. (2.13)-(2.16) if we set A = 1 and omit the terms equal to ±1 in 
the expressions for p, p r and pg. As a result, the energy of the total configuration is equal 
to 2Eth, with 

poo 

Eth = Eth + fid-i / r d - x dr (4.5) 
Jr th (t) 

and Eth given by eq. (2.17). Clearly the energy is infinite. However, it is obvious how 
to renormalize it. We can subtract the energy of two parallel branes in the absence of a 
throat. The corresponding energy density of each brane is constant, equal to 1, while the 
volume results from a radial integration between and oo. The renormalized energy is 
2E t h, r with 

rr t h(t) 

E th ,r = E th ~ n d _i / r d ~ l dr = 0, (4.6) 



Jo 

where we have used eq. (2.18) with A = 1. 

It is remarkable that the configuration of the two branes connected by an evolving 
throat has exactly the same classical energy as the two disconnected branes. Even though 
the two configurations are not continuously connected, and probably are separated by an 
energy barrier, no additional energy is required in order to create the throat. Our result 
also resolves the issue of the conservation of energy discussed in the previous section. The 
increase in energy of the two connected branes is a consequence of the reduction of their 
worldvolume. In other words, the expansion of the throat turns worldvolume into energy 
that is distributed on the branes. 

It is also interesting to compare with the energy of the static throat constructed from 
the two branches of eq. (2.9) for A = 1. The most narrow part of the throat has a radius 
r sth = c 1 /^ -1 '. For d > 2 the maximal distance between the two branes is attained for 
r — > oo. This distance is equal to 2D ds , with 

D ds = A d c l ^ d - l \ (4.7) 

where 



r 



d-2 



_ y7T \2d-2 / 

d ~ 2d- 2 r f2d-3^ ' 



2d-2 / 

After renormalization, the total energy associated with the static throat is 2E st h t ri where 

E st h,r - A d —j—C > - A d —J~ r sth- I 4 - 9 ) 
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For d = 2 the distance between the branes increases logarithmically with r and the config- 
uration has infinite energy. For d = 1 the distance increases linearly with r and the energy 
again diverges. In all dimensions the static throat configuration requires more energy than 
the one with an evolving throat or the two disconnected branes. 

It is possible to interpret the static solution as some type of sphaleron with energy equal 
to the height of the barrier separating two unperturbed parallel branes and the same branes 
connected by the time-dependent throat. We could also identify the instanton solution that 
would mediate the quantum tunnelling between the two configurations. As we mentioned 
in section 2, the analytic continuation to imaginary time turns the time-dependent solution 
to a static solution with an additional spatial dimension. The action of the instanton in 
the (d+l)-dimensional theory is equal to the energy of a static throat configuration in a 
theory of (d+l) + l dimensions. It can be read from eq. (4.9), through the substitution 
d->d+l. 

We should note that a tunnelling process with the spontaneous nucleation of the throat 
configuration may not be relevant for the annihilation of branes if these are identified with 
the D-branes of string theory. As pointed out in ref. [16], the annihilation of two D-branes 
can take place through string processes at a rate faster than the one associated with the 
nucleation of a throat and its subsequent growth. 

5 A different gauge 

The singularity that appears at the location of the throat is a consequence of the "static 
gauge" that we employed in the previous section. We would like now to eliminate this 
singularity by employing a different gauge, in order to study the effect on the energetics 
of the brane. We discuss this issue in the context of the (2+l)-dimensional theory, for 
which an exact analytical treatment is straightforward. The picture is very similar in 3+1 
dimensions. 



For d = 2, A = 1 and through the definition (j) = \^2dcj) we can rewrite eq. (2.11) as 




expressed in terms of the inverse Weierstrass function V 1 (which we take to be positive) 
as 



with B 2 = V^ r ( 1 / 4 )/( 4r (3/4)) ~ 1.311, as given by eq. (4.4). We have adjusted the 



If the solution is assumed to describe a shock wave in the context of the theory (2.1), 
the front is located at z t h = r th$) ~ t 2 = 2c. The energy density p and radial energy 
flux j r are given by eqs. (2.13), (2.14) with d = 2. They satisfy the continuity equation 
dp/dt + (l/r)d(rj r )/dr = 0. At a given time t, the total energy of the configuration is 




where z = 2c u, t 2 = 2c t 2 , r 2 





(5.2) 



integration constant so that 0(1) = 0. 




(5.3) 
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The energy is finite, but time dependent. 

In the context of the brane picture we join the two branches of eq. (5.2) so as to obtain 
two branes connected by a circular throat of radius r t ^(t). The maximal distance between 
the two branes, attained for r — > oo, is 2D 2 t with 

D 2t = B 2 VTc. (5.4) 

The energy density of the effective theory (4.2) with d = 2 contains a cosmological constant. 
As a result, the energy of the total configuration is equal to 2Eth, where 

/•oo 

E th = E th + 2ir / rdr (5.5) 

Jr th {t) 

and E t h given by eq. (5.3). Through the subtraction of the energy of two parallel branes 
in the absence of a throat we get the renormalized energy 2E t h, r where 

rnh(t) 

E th ,r = E th ~ 2tt / rdr = 0. (5.6) 
Jo 

We would like to repeat the above calculation in a different gauge by choosing a different 
set of worldvolume coordinates. To this effect, we set x° = t, x 1 = y, x 2 = 9 and interpret 
r = (p(t, y) as a field of the worldvolume theory. The action can be derived starting from 
eq. (4.1). It is 

5 = -2vr J dtdy 0(i, y) sj 1 - {d^f . (5.7) 

As we are interested in describing a brane configuration with cylindrical symmetry around 
the y-axis, we have integrated over the angular variable. 

From the point of view of the embedding, the solution (5.2) describes a moving surface 
and provides a relation between the coordinates of the embedding space. This relation 
can be expressed equivalently by solving for r in terms of t and cf) (which stands for the 
coordinate y in the initial gauge). In this way we can produce another solution of the 
equations of motion of the worldvolume theory. By solving eq. (5.2) for r and making the 
substitutions — > y and r — > cf), we obtain 



<j>{t,y) = ^V(y + B 2 ,4,0)+i 2 , (5.8) 

where V(z,4,0) is the Weierstrass elliptic function. We have used the same rescaling as 
before, as well as y = \/25y. It is straightforward to check that this expression satisfies the 
equation of motion of the theory (5.7). It describes a throat connecting two branes located 
at the points y = ±B 2 , where the Weierstrass function diverges. The minimal value of <j) 
is obtained for y = 0, where <ft = V2c<fi = \/2c + t 2 . This is the location of the throat. 
The energy density and flux for the solution (5.8) are 

= 2T - v /og 4P + 4V( ~y + ^, 4, 0) + [V'(y + B 2 ,4, 0)] 2 
2^AV(y + B 2 , 4, 0) + [V'(y + B 2 , 4, 0)] 2 

-2nVTc , ' V ' U '- B - U)) (5.10) 

4V(y + B 2 ,A,0) + [V'(y + B 2 ,A,0)} 2 
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respectively. They satisfy the continuity equation dp/dt + dj/dy = 0. They are finite at 
the location of the throat. Actually, the energy flux vanishes at this point. On the other 
hand, the energy density diverges at the points y = =ti?2> where the branes are located, 
while the flux takes values =F27rt there. The fluid velocity j/p vanishes at y = ±i?2, but the 
presence of a finite energy flux implies that the total energy of the configuration cannot 
be constant. The situation is very similar to the one in the first gauge, with the time 
dependence of the energy arising as a result of a singularity in the solution. However, in 
the current gauge the singularity has moved from the location of the throat to the location 
of the branes. 

The integration of the energy density between the points y = —B2 and B2 returns an 
infinite result. As before we need to regulate the total energy by subtracting the energy of 
the configuration without a throat. However, this is not straightforward in this gauge, as 
the coordinate system (t, y, 9) is singular on the unperturbed branes. A whole brane would 
correspond to one value of y. This is to be contrasted with the situation in the first gauge, 
where the coordinates (i, r, 0) naturally span the unperturbed brane. The best we can do 
is to subtract the (infinite) energy of our solution at a given time, let's say t = 0. In this 
way we find that the renormalized energy is 2Eth. r , with 



This result reproduces the time dependence of the energy associated with the shock wave in 
eq. (5.3). The regularization we used is very similar to the addition of a constant term, as 
was done in eq. (2.1) in order to subtract the effective cosmological constant. However, this 
regularization fails to account for the part of the worldvolume of the unperturbed branes 
that is bounded by the throat. For this reason it does not remove the time dependence of 
the renormalized energy. 

We conclude that the presence of the throat in general results in a singular solution. 
Even if the singularity is removed from the location of the throat through a different gauge 
choice, it tends to reappear at some other point. A correct regularization of the energy 
of the configuration must account for the worldvolume of the branes that is eliminated 
through the throat expansion and reappears as energy distributed over the remaining part 
of the branes. 

6 Conclusions 

The purpose of this work was to investigate the nature of the solution (2.11) in the context 
of the DBI theory. This theory is taken as the prototype for a class of higher derivative 
theories (£>essence, DGP model, Galileon, scalar-tensor models with kinetic gravity braid- 
ing etc) that have attracted considerable interest recently. In this context the solution 
describes a shock wave of infinite energy density [15]. The solution is of special interest 
because it realizes the concept of classicalization, according to which a highly energetic 
classical configuration can scatter at distances much larger than the fundamental length 
scale, without probing short distances [10, 11]. 



Eth,r = . 
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A peculiarity of the solution is that integrating the energy density at a given time, 
starting from the location of the shock front, results in a time-dependent total energy 
for the configuration. On the other hand, the energy-momentum tensor of the theory is 
conserved. Reconciling these facts means that the singularity associated with the shock 
wave must be viewed as a source of energy for the region in its wake. It is not obvious how 
to introduce such a source in the formalism starting from the Lagrangian density. 

The picture can be clarified by employing the geometrical picture, in which the DBI 
theory describes a minimal surface in Minkowski space with an additional spatial dimension. 
The solution (2.11) then corresponds to a pair of branes connected by a time-dependent 
throat. The energy of the configuration is infinite, but vanishes when renormalized with 
respect to the energy of two unperturbed branes. What is viewed as the time-dependent 
energy of the shock-wave configuration corresponds to the worldvolume of the branes that 
is eliminated through the expansion of the throat. In other words, the expansion of the 
throat turns worldvolume into energy that is distributed on the branes. Even within the 
geometrical picture, this connection is not always apparent. Using a different definition of 
worldvolume coordinates (going to a different gauge) may obscure the connection of the 
energy with the eliminated brane worldvolume. 

The DBI theory can be extended through the inclusion of other classes of higher- 
derivative terms in the action. Similarly, the brane action can be extended through the 
addition of terms involving the extrinsic or intrinsic curvatures. It is remarkable that a 
connection can be built between a certain higher-derivative theory, characterized as the 
generalized Galileon theory, and the motion of a probe brane with an extended action 
[8]. A variation of the solution we studied exists within these extended theories as well 
[19]. It has interesting applications, such as scattering in the context of classicalization 
and dynamically evolving branes in higher-dimensional cosmology. Another possibility is 
to extend the solution to the multi-throat case along the lines of [17, 18]. 

The most interesting generalization of this picture would be through the inclusion of 
gravity. If the solution is interpreted as a shock wave, the divergence of the energy density 
clearly demonstrates that gravity must become important and possibly act as a regulator. 
Within the brane picture, the backreaction of the brane on the bulk geometry is neglected 
in the probe approximation that we considered. Taking it into account could result in 
configurations similar to the "bubbles of nothing" that can trigger the instability of the 
Kaluza-Klein vacuum [20]. Another possible interpretation of the brane construction is as a 
bouncing brane-Universe that contracts down to a minimal size and subsequently expands. 
The effect on the expansion rate of the energy arising from the eliminated worldvolume is 
a very interesting problem. 
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